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Abstract 

An analysis of the full cosmic microwave background (CMB) sky by the Wilkinson Microwave 
Anisotropy Probe (WMAP) has revealed that the two lowest cosmologically interesting multipoles, 
the quadrupole (Z = 2) and the octopole (Z = 3) moments of the temperature variations, are 
unexpectedly aligned with each other. In this paper, we demonstrate that, whereas this alignment 
constitutes a statistically significant anomaly in the standard model, it is statistically insignificant 
within the context of the = ct Universe. The key physical ingredient responsible for this 
difference is the existence in the latter of a maximum fluctuation size at the time of recombination, 
which is absent in ACDM because of inflation. 
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I. INTRODUCTION 



The Wilkinson Microwave Anisotropy Probe (WMAP) has revolutionized our ability to 
study anisotropies in the cosmic microwave background (CMB) with a precision that is now 
permitting us to examine the structure of the Universe on all scales pj. But several anomalies 
are generating considerable discussion and debate because they appear to indicate possible 
deficiencies in the standard model, or perhaps new physics driving the origin of density 
fluctuations in the early Universe and their evolution into the large-scale structure we see 
today. These peculiarities include an unusually low power at the largest scales [2 , as well 
as a mutual alignment of the quadrupole and octopole moments IS]. These 

anomalies have variously been attributed to astrophysical, instrumental, or cosmological 

n 

causes, and even faulty data analysis or a posteriori statistics [9]. The low power and 
alignment are puzzling because the probability of either occurring within the context of the 
standard model (ACDM) is less than 1%; the chance to measure the sky with both has been 
quantified at < 10~ 6 [10]. 

The power on large scales is characterized in terms of the angular correlation function 
C(8) (defined in Eq. 2 below). According to the observations, C(9) essentially vanishes 
at angular separations greater than about 60° 3], confirming what was first measured a 
decade earlier with the Cosmic Background Explorer (COBE; ll|, Il2l|). The absence of 



any angular correlation at the largest scales is a notable problem for the standard model 
because it is completely at odds with any inflationary scenario HQ . Yet without inflation, 
ACDM simply could not account for the apparent uniformity of the CMB (other than the 
aforementioned anisotropies at the level of 1 part in 100,000) across the sky. 



In contrast, the R^ = ct Universe 



15 



16 



171 ] did not undergo a period of inflated 



expansion, and it is this feature especially that makes it superior to ACDM in accounting for 
the observed angular correlation function. The natural question is then whether it can also 
provide an explanation for the apparent alignment of the CMB's quadrupole and octopole 
moments. This is the issue we will be addressing in this paper. We will first summarize the 
key aspects of the = ct Universe and describe the kinds of all-sky map it produces. We 
will then carry out a statistical analysis of thousands of simulated renderings to show that 
the observed alignment of the CMB quadrupole and octopole moments is not as statistically 
significant in the i?h = ct Universe as it is in ACDM. 
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II. OBSERVED CMB ANOMALIES 



The CMB temperature anisotropies AT(Q)/T extracted from WMAP may be written as 
an expansion using spherical harmonics Yi m (h), 



T 



/] aimXlm , (1) 
Im 

from which one can then determine the two-point angular correlation function (for directions 
rii and 112): 

C{cos9) = (T(n 1 )T(n 2 )) = -L V (21 + l)C,fl(cos 9) . (2) 

47T z — ' 

I 

Statistical independence implies that 

(a*im a i'™>) oc S w 5mm' , (3) 

and statistical isotropy further requires that the constant of proportionality depend only on 
I, not m: 

(a* lm a Vm i) = Ci Sui 5mm . (4) 

The constant 



Cl ~2l 



^l^2\ a lm\ 2 (5) 



is the angular power of the multipole 

A comparison of the function C(9) predicted by the i?h = ct Universe with that observed 



by WMAP was the primary goal of our previous paper [16j|. Our focus here will be the 
second CMB anomaly discussed above, i.e., the apparent alignment of C2 and C3. To 
quantify the statistical significance of this alignment, we will follow the procedure developed 
by (4 ] . Other techniques have been utilized since then {9], but they all appear to confirm 
each other's results, so for now, at least, we will base our assessment on the former approach. 
The method treats the CMB map as a wave function, 

^r(*)=1>(n), (6) 
and seeks to find the axis n about which the "angular momentum" dispersion 

(^|(n-L)V) = 5> 2 |a /m (n)| 2 (7) 
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is maximized. The coefficients a/ m (n) correspond to the spherical harmonics in a rotated 
coordinate system with the z-axis in the n direction. For the actual CMB map, the maxi- 
mization is performed by evaluating Eq. (7) at all the unit vectors n corresponding to the 
pixel centers. We will follow essentially the same approach, first producing a rendering of 
the large-scale fluctuations on the whole sky, and then maximizing the angular momentum 
dispersion using the same equation (more on this below). 

Previous workers have found the preferred axes £12 and n 3 for the quadrupole and octopole 
moments to be 

n 2 = (-0.1145,-0.5265,0.8424), 

n 3 = (-0.2578,-0.4207,0.8698) , (8) 

I — I 

respectively, i.e., both roughly in the direction (l,b) ~ (—110°, 60°) in Virgo [4]. In ACDM, 
a crucial ingredient is cosmological inflation — a brief phase of very rapid expansion from 
approximately 10~ 35 seconds to 10 -32 seconds following the big bang, forcing the Universe 
to expand much more rapidly than would otherwise have been feasible solely under the 
influence of matter, radiation, and dark energy. This accelerated expansion would have 
driven the growth of fluctuations on all scales, resulting in an angular correlation at all 
angles (which WMAP has shown did not happen citeMelial2a). Therefore, in ACDM, the 
unit vectors n2 and n 3 should be independently drawn from a distribution in which all 
directions are equally likely. This means that the dot product 112 • n 3 should be a uniformly 
distributed random variable on the interval (—1, 1). But as is well known, Eq. (7) does not 
distinguish between n and — n, so the maximization procedure finds a preferred axis, not a 
preferred direction. The alignment should therefore be quantified on the basis of |n2 • 6.3], 
which instead has a uniform distribution on the interval (0, 1). 

The anomaly emerges when we determine from Eq. (8) that the observed value of this 
dot product is |n 2 • n 3 | ss 0.9838, corresponding to a separation of only 10.3°. As noted 
by |4|, an alignment this good happens by chance only once in 62 realizations, suggesting 
that the probability of finding a random octopole axis within a circle of radius 10.3° of 
the quadrupole axis should be less than a few percent. Within the context of ACDM, this 
alignment is therefore a statistically significant anomaly. 

Recognizing that producing an accurate map of the WMAP data depends critically on 
correctly identifying the background (or more accurately in this case, the foreground), this 



calculation has been repeated on several occasions, with an ever increasing precision of the 
foreground subtraction. The numbers themselves have changed somewhat, but all subse- 
quent measurements have confirmed the early conclusions. The most likely outcome cur- 



rently appears to be an alignment angle 3.8° < #23 < 18.2° [18| . Even with such a broadened 
uncertainty range, however, an alignment within #23 ~ 18° should occur only ~ 4.9% of the 
time, making it a marginally statistically significant anomaly within the standard model. 

III. THE R h = ct UNIVERSE 

Let us now see whether this apparent alignment remains a statistically significant anomaly 
also in the i?h = ct Universe. This alternative description is an FRW cosmology that adheres 
very closely to the restrictions imposed on the theory by the Cosmological Principle and the 
Weyl postulate [2, Taken seriously, these two basic tenets force the gravitational 

horizon (known more commonly as the Hubble radius) to always equal ct, where t is the 
cosmic time. It is easy to convince oneself that this equality forces the expansion rate to be 
constant, so the expansion factor a(t) appearing in the Friedmann equations must be t/to 
(utilizing the convention that a(to) = 1 today), where to is the current age of the Universe. 

ACDM is an approximation to this precision cosmology because it adopts a specific set of 
constituents for the energy density p, but absent the important constraint that the overall 
equation of state must be p = — p/3, where p and p are the total pressure and density, 
respectively. Therefore, i?h in ACDM fluctuates about the mean it would otherwise always 
have, leading to the awkward situation in which the value of Rt{to) is equal to cto today, 
but in order to achieve this "coincidence" , the Universe had to decelerate early on, followed 
by a more recent acceleration that exactly balanced out the effects of its slowing down at 
the beginning. It is specifically this early deceleration in ACDM that brings it into conflict 
with the near uniformity of the CMB data 16), requiring the introduction of an inflationary 
phase to rescue it. As shown in [l6j], however, the recent assessment of the observed angular 
correlation function simply does not support any kind of inflationary scenario. 

There are many reasons for believing that the i?h = ct Universe is the correct description 
of nature, and that at best ACDM is an approximation that fails in certain limits, particularly 
in the early Universe. Among its many successes, the = ct Universe provides the following 
resolution to otherwise unsolvable problems: (1) it explains why it makes sense to infer 
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a Planck mass scale in the early Universe by equating the Schwarzschild radius to the 
Compton wavelength (otherwise, why should a delimiting gravitational horizon be invoked in 



an infinite Universe? See 



191 ] for a pedagogical explanation); (2) it explains why -Rh(^o) — c ^o 



today. In ACDM this equality is but one of many coincidences; (3) it explains how opposite 
sides of the CMB could have been in equilibrium at the time (t e ~ 10 4 — 10 5 years) of 
recombination, without the need to introduce an ad hoc period of inflation; (4) it explains 
why there is no apparent length scale in the observed matter correlation function (since 
there is no Jeans length in this cosmology); (5) it explains why the adoption of ACDM as an 
approximation to the = ct Universe forces the matter density in that model to represent 
27% of the total energy density p; and (6) it accounts for the location, 9 min , of the minimum 
in C(8) and its value, C(0 m i n ), at that angle and, most importantly, it explains why there 
is no angular correlation in the CMB at angles greater than about 60°. 

In this paper, we add to this growing list of successful comparisons with the data by 
demonstrating that, whereas the near alignment of the CMB quadrupole and octopole mo- 
ments is a statistically significant anomaly for ACDM, it nonetheless lies within statistically 
reasonable expectations for the = ct Universe. 



IV. LARGE-SCALE FLUCTUATIONS IN THE R h = ct UNIVERSE 

As shown in [ly, 12], density fluctuations 5 = Sp/p, written as a wavelike decomposition 

6 = J2Uty^ , (9) 



satisfy the differential equation 



where 



*« + ?*« " It Sk = ' (10) 



A,,^, (11) 



in terms of the fluctuation length A and the gravitational (or Hubble) radius R^ = c/H(t). 
Note, in particular, that both R^ and the fluctuation scale A vary with t in exactly the same 
way in this cosmology, so A K is therefore a constant in time. But the growth rate of S K 
depends critically on whether A is less than or greater than 2tcR^. 
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A simple solution to this equation is the power law 

S K (t) = S K (0)t a , (12) 

where 

n, 2 4- ?.n> - 

3 K 



a 2 + 2a-^A^ = 0. (13) 



That is, 

a = -1 ± + , (14) 
so for small fluctuations (A << 27ri? h ), the growing mode is 

S K ~ 5 K (0)t A ^ , (15) 

whereas for large fluctuations (A > 27r_Rh), the dominant mode 

S K ~ 5«(0) (16) 

does not even grow. The second mode decays away for both small and large fluctuations. 

Insofar as the quadrupole and octopole moments are concerned, the most critical aspect 
of the fluctuations implied by these equations is the maximum range over which they would 
have grown. The required inflated expansion in ACDM drives the growth over all scales. In 
the i?h = ct Universe, on the other hand, the growth is limited to a maximum fluctuation 
size 

A max (t) ~ 2nR h (t) . (17) 
Thus, since the comoving distance to the last scattering surface (at time t e ) is 



ct 



'f *— (18) 



the maximum angular size # max of any fluctuation associated with the CMB emitted at t e 
has to be 

" max " R e (t e ) ' liyj 

where 

R e (t e ) = a(t e )r e = a(t e )ct In (^j = ct e In (^j (20) 
is the proper distance to the last scattering surface at time t e . That is, 



For the sake of illustration, we note that the times to = 13.7 Gyr and t e fa 380, 000 yrs from 
the standard model would imply # max ~ 34°. It is the existence of this limit that allows 
the i?h = ct Universe to fit the angular correlation function much better than ACDM, and 
we shall see shortly that the existence of this limit also alters the probability of seeing a 
low-multipole alignment of the CMB, rendering it statistically insignificant. 

In the spirit of identifying the key elements of the theory responsible for the CMB fluc- 
tuations, without necessarily getting lost in the details of the complex treatment involving 
fluctuation growth on small and large scales, and the impact of transfer functions that link 
the observed temperature variations to the incipient density perturbations, we will here fol- 



ia], which itself is based on simplified methods used in 



low the same approach described in 
earlier applications [20] . 

Noting that the Sachs- Wolfe effect dominates the fluctuation growth on scales larger than 
~ 1° [21] . it is not difficult to show that 

^f~5p\ 2 . (22) 

The variance in density over a particular comoving scale A is given as 

— OC / P(«/W (23) 

P/x Jo 



(see, e.g. 



20]), where P(k) = (\S K \ 2 ) is the power spectrum. Not knowing the exact form 
of P(k) emerging from the non-linear growth prior to recombination, we will follow the 
approach outlined in [if]] and parametrize it as follows, 

M*' 1 ' (24) 

where the (unknown) constant b is expected to be ~ 0(1). From Eqs. (23) and (24), we 
therefore see that 

5p ~ 1 (1 - b6 2 ) , (25) 

where the definition of 6 is analogous to that of max in Eq. (21). Thus, the amplitude of 
the Sachs- Wolfe temperature fluctuations follows the very simple form 

^ ~ (1 " b9 2 ) , (26) 
but only up to the maximum angle # max established earlier. 
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FIG. 1: Three simulated renderings of the large-scale fluctuations in the CMB temperature for 

the i?h = ct Universe. Here, to/t e = 5 x 10 3 and 6 = 3. Each image contains 1,000 large-size 

fluctuations. The units on the color scale are arbitrary. 
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In comparing the angular correlation function C{6) resulting from this expression with 
that inferred from the WMAP data, we found earlier that the general shape of C (8) depends 
only weakly on the chosen values of b and to/t e . Insofar as the large-scale fluctuations are 
concerned, therefore, the principal feature of the = ct Universe that distinguishes it from 
ACDM is the existence of the maximum angle # max . We anticipate that the outcome will be 
similar here if the two large-scale anomalies are indeed linked in this cosmology. 

In Fig. 1, we show three simulated renderings of the large-scale fluctuations in the CMB 
temperature using values of b (~ 3) and to/t e (~5x 10 3 ) indicated by our earlier fits to the 
angular correlation function. Note that none of the effects thought to produce fluctuations 
on < 1° scales, such as acoustic oscillations and the various processes producing secondary 
signatures after decoupling (see 16) and references cited therein for a more complete discus- 
sion of all the relevant physical mechanisms), are included in these images. Previous work 
has shown that these other processes are not directly relevant to the I = 2 and / = 3 multi- 
pole moments. The principal features evident in this figure are due solely to the Sachs- Wolfe 
effect, but strictly adhering to the restrictions imposed by Eqs. (21) and (26). 

Before entering into a quantitative statistical analysis of these simulated all-sky maps, it 
is quite evident even by eye that the general features emerging from the = ct Universe 
are reminiscent of those actually seen in the WMAP data. Note in particular the apparent 
"planarity" of the fluctuations, and the emergence of "finger-like" darker regions. The 
apparent planar-like arrangement of the octopo.e components was first noted by g bnt 
revisited by many authors since then. In the analysis of [18J, the probability of observing 
such a planarity within the context of the standard model is over 18%, and therefore not 
statistically significant. Nonetheless, it is comforting from the standpoint of the R^ = ct 
Universe that this feature appears to be present most of the time. The finger-like depressions 
are more difficult to quantify, but were noted by 22|. Again, it is apparent from these 
simulations that such features are rather common in the R^ = ct Universe. 



V. THE QUADRUPOLE-OCTOPOLE ALIGNMENT 

Let us now examine how much impact the restricted range of fluctuation angles (8 < (9 max ) 
has on the distribution of #23. Since the values of b and t /t e were essentially identified from 
our study of the angular correlation function, the principal unknown is the number N$w °f 
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FIG. 2: Fractional representation of the angle O23 between the CMB quadrupole and octopole 
moments in 20,000 simulated renderings of the = ct Universe, assuming a total number of 5, 
20, 50, and 5,000 large-size fluctuations, respectively (left to right). The light-grey bars show the 
fractions in a ACDM universe with fluctuations sampled from a statistically isotropic, Gaussian 
random field of zero mean. The black and dark-grey bars show the corresponding fractions for the 
i?h = ct Universe. 



Sachs- Wolfe fluctuations across the sky. We have produced 20,000 simulated all-sky CMB 
maps for each assumed value of N$w, ranging from 5 to 5,000. A sample of these for 
N sw = 1, 000 is shown in Fig. 1. 

For each synthetic map, we followed the procedure outlined in §2 above, using the various 
techniques described in Appendix A of [4J to find the a; m (n) coefficients in the rotated frame. 
From these, we calculated the values of 6*23 (between the quadrupole and octopole moments) 
and determined their occurrence rate. The corresponding relative probabilities are shown in 
Fig. 2, for Nsw = 5, 20, 50, and 5,000. 

Mindful of the conclusions drawn by [l^] , in which the observed alignment angle appears 
to fall within the range 3.8° < #23 < 18.2°, we have chosen to subdivide the results into 
increments of 18°, so that the most likely value of the measured 623 lies within the first bin. 
The probability distribution for a completely random occurrence of the angle 623 corresponds 
to the light-grey bars in these diagrams, essentially the profile expected in the standard 
model. The probability of alignment within the first bin is the aforementioned value of 
4.9%, so the observed angle 823 constitutes a marginally statistically significant anomaly. In 
contrast, the probabilities expected for the i?h = ct Universe correspond to the black and 
dark-grey bars. 
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Notice that the overall probability distribution depends on how many fluctuations are 
included in the simulation. As Nsw increases to very large values, we approach the result 
expected for ACDM, presumably because this situation is similar to what one gets with a 
fluctuation spectrum inflated to very large scales early in the Universe's history. Absent 
inflation, however, the probability distribution is noticeably different, particularly for the 
smaller values of #23 ■ Even for Nsw as large as 50, a value of #23 < 18° is expected 
to occur about 10% of the time — higher for smaller fluctuation numbers Nsw And for 
Nsw — 5, 000, this probability is approximately 7%. In every case, the increase in fractional 
representation at smaller angles is compensated by the reduced representation at angles 
> 50° (the dark-grey bars in these diagrams). These results suggest that a mutual alignment 
of the quadrupole and octopole moments to within ~ 18° of each other does not appear to 
be statistically significant in the i?h = ct Universe, as long as the number of Sachs- Wolfe 
fluctuations across the sky is smaller than several thousand. 



VI. DISCUSSION AND CONCLUSIONS 



It was shown in a detailed analysis of the CMB large-scale anomalies [10] that there is 
no statistically significant correlation in ACDM between the missing power on large angular 
scales and the alignment of the I = 2 and I = 3 multipoles. The inconsistency between 
the standard model and the WMAP data is therefore even more glaring than each of the 
anomalies alone, because their combined statistical significance is equal to the product of 
their individual significances. Simultaneous observation of the missing large-angle corre- 
lations with probability < 0.1% and alignments with probability ~ 0.1% is likely at the 



< 0.0001% level. As pointed out in [10], such an outcome clearly requires a causal explana- 
tion. 

The work presented in this paper, in combination with our earlier examination of the 
angular correlation function, offers a reasonable account for how both CMB low-multipole 
anomalies may arise. Though not directly related, they nonetheless have a common origin 
in the i?h = ct Universe — the existence of a maximum angular size # max for the large-scale 
fluctuations, imposed by the gravitational horizon at the time t e of last scattering. 

Aside from the quantitative aspects of this analysis, a qualitative comparison between 
the simulated sky maps shown in Fig. 1, and the real Universe as revealed by WMAP, also 
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suggests a morphological similarity between the two. We noted the appearance of "finger- 
like" darkened extensions and the planarity of the octopole components which, however, are 
not statistically significant, even in the standard model. Still, the weight of evidence — the 
angular correlation function, the lack of any statistical significance to the mutual alignment 
of the quadrupole and octopole moments, and the morphological similarity between the real 
and simulated CMB maps — seems to favor the i?h = ct Universe over ACDM. 

But clearly there is still work to do. By necessity, our analysis of the angular correlation 
function and the low-multipole alignment has relied on a highly simplified treatment of the 
fluctuation growth in the early Universe. It is well known, however, that there are many 
mechanisms producing density perturbations, on small and large scales, and there is a great 
deal of astrophysics linking these to the actual temperature variations we see across the sky. 
Our approach here has merely shown promise in accounting for the observations. We cannot 
be certain of the outcome until we have developed a more sophisticated treatment of the 
fluctuation growth in the = ct Universe, commensurate with the level of detail already 
incorporated into the standard model. 

Acknowledgements: This research was partially supported by ONR grant N00014-09- 
C-0032 at the University of Arizona, and by a Miegunyah Fellowship at the University of 
Melbourne. I am particularly grateful to Amherst College for its support through a John 
Woodruff Simpson Lectureship. 



[1] C. L. Bennett et al, Astrophys. J. Supp. 148, 97 (2003). 
[2] D. N. Spergel et al, Astrophys. J. Supp. 148, 175 (2003). 

[3] M. Tegmark, A. de Oliveira-Costa & A. J. Hamilton, Phys. Rev. D 68, Article ID 123523 
(2003). 

[4] A. de Oliveira-Costa, M. Tegmark, M. Zaldarriaga, Sz A. Hamilton, Phys. Rev. D. 69, Article 
ID 063516 (2004). 

[5] K. Land & J. Magueijo, Phys. Rev. Lett. 95, Article ID 071301 (2005). 

[6] F. K. Hansen, P. Cabella, D. Marinucci & N. Vittorio, Astrophys. J. Lett. 607, L25 (2004). 

[7] H. K. Eriksen, F. K. Hansen, A. J. Banday, K. M. Gorski & P. B. Lilje, Astrophys. J. 605, 



13 



14 (2004). 

[8] D. J. Schwarz, G. D. Starkman, D. Huterer & C. J. Copi, Phys. Rev. Lett. 93, Article ID 
221301 (2004). 

[9] C. J. Copi, D. Huterer, D. J. Schwarz & G. D. Starkman, Mon. Not. R. Astron. Soc. 399, 295 
(2009). 

[10] D. Sarkar, D. Huterer, C. J. Copi, G. D. Starkman k, D. J. Schwarz, Astroparticle Phys. 34, 
591 (2011). 

[11] G. Hinshaw et al, Astrophys. J. Lett. 464, L25 (1996). 

[12] E. L. Wright, C. L. Bennett, K. Gorski, G. Hinshaw, G. & G. F. Smoot, G. F., Astrophys. J. 

Lett. 464, L21 (1996). 
[13] A. H. Guth, Phys. Rev. D 23, 347 (1981). 
[14] A. Linde, Phys. Lett. B 108, 389 (1982). 
[15] F. Melia, Mon. Not. R. Astron. Soc. 382, 1917 (2007). 
[16] F. Melia, Phys. Rev. D. submitted (2012). 

[17] F. Melia & A. Shevchuk, Mon. Not. R. Astron. Soc. 419, 2579 (2011). 
[18] C.-G. Park, C. Park & J. R. Gott, Astrophys. J. 660, 959 (2007) 
[19] F. Melia, Australian Phys. 49, 83 (2012). 

[20] G. Efstathiou, 1990, in Physics of the Early Universe, eds. J. A. Peacock, A. F. Heavens & A. 

T. Davies, SUSSP, Edinburgh (1990). 
[21] R. K. Sachs & A. M. Wolfe, Astrophys. J. 147, 73 (1967). 
[22] C. L. Bennett et al, Astrophys. J. Supp. 192, Article ID 17 (2011). 



14 



